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Investigations of Probabilistic Inference

1. Executive Summary.

Scientific Objectives. Taking correct action in conditions of uncertainty requires the ability to
utilize two types of information: statistical base rate information about what is likely to be the case, based
on the history of what usuaily happens, and imperfectly reliable information about what is now the case.
Past work on probabilistic inference has demonstrated that when these two types of information conflict,
novices tend to neglect the base rate information and to put unwarranted confidence in the information
about the present situation, even though this information is unreliable. This research will describe the
process by which novices, as well as experts in probabilistic inference and experts in the substance of the
problem, combine the two types of information in making probabilistic inferences. The goal is to
understand both novice and successful inference processes so that people can be taught strategies for
correct inference.

Approach. The approach is {o determine the strategies people use on probabilistic inference
problems through various types of analysis, including process tracing and protocol analysis. Preliminary
work analyzing novice answers has been compieted. Work with experts ard protocol analysis with
novices is underway. in the preliminary study, novices were asked io estimate the probability that a
hypothesis was true in three probabilistic inference word problems. In each problem, they answered
before and after the presentation of gach of three types of information -- base rate, evidence, and
reliability of evidence.

Findings. A number of hypotheses were evaluated. The typica! subject can be described as using
strategies that depend on the kind of information that is available, rather than univerally applied weighted
averaging processes or normative strategies. Many subjects respond with numbers that are available in
the problem presentation. The more recent information has a greater impact. Comparison of production
system simulations of the typical responses and the normative responses shows that the neglect of the
base rate information is due in part to a misunderstanding of the reliability information. Specitically,
subjects do not distinguish between two conditional probabilities, the probability that particular evidence
would be seen if a hypothesis were true, and the probability that a particular hypothesis would be true it
evidence were seen.

The confusion between reliability p(E/H) and the conditional probability of the hypothesis given the
evidence p(H/E) is being investigated in a further study that presents p(H/E) where p(E/H) is usuaily
given, to see whether subjects respond differently. The finding that subjects frequently respond using
numbers available in the word problem is being folliowed up by presenting probabilistic information
verbally, or requiring verbal rather than numerical responses, or both. The performance of experts in the
field of insurance is being investigated in a think-aloud and process tracing procedure.

Potential applications. Many military operational contexts require the integration of information
about expectancies (prior probabilities that a hypothesis will be true) with uncertain information about
what is happening at present. If the statistical information is neglected, it could lead to an excessive
number of "false alarms." If, as demonstrated here, the most recent information is given more attention,
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then the flow of information in operational situations should be designed so that base rate information is
presented concurrently with or after the current information, so that it is not neglected. If novices have
difficulty distinguishing the two types of conditional probability information, then training should be
designed to overcome this difficufty.
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Investigations of Probabilistic Inference.

2. Introduction.

Probabilistic reasoning is a basis for action in a wide variety of vital contexts. A decision maker in a
combat situation must interpret potentially unreliable intelligence information concerning enemy troop
movements. An officer must draw conclusions conceming a new subordinate given stereotypical
expectations based on the subordinate's ethnicity, race, or sex, and on impressions derived from briet
interactions with the subordinate. It is important to understand how people make probabilistic inferences,
what determines their accuracy or inaccuracy, and how their accuracy can be improved. Erroneous
methods of interpretation of battlefield intelligence could unnecessarily decrease the probability of victory.
Methods of evaluating subordinates that do not take account of both reasonable expectations based on
the subordinate’s group and evidence about the individual could lead to inefficient aliocation of
manpower resources, as well as resentment and low morale.

Past research has shown that people’'s use of probabilistic information in reasoning deviates from
the uses that are prescribed by the normative methods of probabilistic inference. For example, neglect of
base rate information has been shown in a number of probabilistic inference word protlams (Bar-Hillel,
1880; Tversky and Kahneman, 1882), where the proper combination of base rate and case information is
prescribed by Bayes' Theorem.

The primary goal of this project is to develop an understanding of the variety of strategies that
people can use to make probabilistic inferences, so that we can know how people can do this reasoning
most accurately. One approach to this goal is to study the performance of people who have been trained
in the application of the normative techniques of probabilistic inference, i.e., the mathematics of
probabilty. A distinct approach is 1o study the strategies used by people who are expert in the area of the
word problem. This may reveal usable heuristics, or ways that people structure their information
environments and their decisions that allow sensible inferences to be made without resort to the formal
normative probabilistic inference procedures.

Discover of accurate heuristic strategies that leaders and decision makers could be taught to use
as a mental habit, as part of their automatic interpretation of the world, could lead to accurate
performance of probabilistic inference in uncertain situations without reliance on external computer aids,
such as those that perform Bayes' Theorem calculations. These aids have had low acceptance in
decision making contexts (cf Shortlitte, 1984), partly because of tear-based psychological barriers in
potential users, partly because of the practical inconvenience of the requirement of accurately entering
the full set of pertinent data in the system, and partly because of the potential for catastrophic results due
to minor clerical errors (Hammond, 1981; see Hamm, in press). Methods of probabilistic inference that are
well-founded, even if not perfectly accurate, and that can be integrated into decision making practice may
potentially be of great value.

3. Studies undertaken.

This paper reports on studies that have been completed and are in progress addressing the
problem of describing people’s strategies and processes of making probabitistic inferences. The first body
of work to be reviewed is the Questionnaire Study, which presented incomplete probabilistic inference
word problems o naive subjects. s resulls are presented in a separate report (Hamm, 1987) and in two
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additional papers surmnmarized below.

The results of the Questionnaire Study raised several questions that are addressed in subsequent
studies currently being conducted. The Verbal/Numerical Study is designed to test whether subjects will
rely extensively on probabilities that are presented in the word problem, when the probabilities are verbal
phrases rather than numbers. The Confusion Study (Think Aloud Study 2) addresses the issue of
confusion between the reliability of evidence, p(evidence/hypothesis) or p(E/H), and the conditionai
probability that the hypothesis is true given the evidence, p(hypothesis/evidence) or p(H/E).

Protocol analysis and process tracing are powerful methods for discovering how people represent
their problem situations and use strategies for solving the problems. Think Aloud Study 1 used novice
subjects 1o test the feasibility of discovering whether people paid attention to probabilistic information, and
what strategies they used to answer the questions. Think Aloud Study 2 used novice subjects and
subjects with experience with probability mathematics (mathematics graduate students) to develop the
analysis of think aloud protocols and use it to investigate the issue of the confusion of p(H/E) with p(E/H).
It also involved aspects of process tracing methodology. Think Aloud Study 3 will combine process
tracing methodology and protocol analysis and will contrast the strategies of novice subjects,
mathematics experts, and people expert in the substantive area of the word problem.

3.1. Questionnaire Study.
A questionnaire study in which 265 undergraduate students answered three probabilistic inference
problems has been ccmpleted. Three papers are based on the data from this study.

3.1.1. Basic Results paper.

Extensive analyses of the results of the Questionnaire Study are reported in the paper "Diagnostic
inference: People's Use of Information in Incomplete Bayesian Word Problems” (Hamm, 1987). The word
problems were the Cab problem, used before by Tversky and Kahneman (1982) and others, and two
variants, the Doctor problem and the Twins problem. The Cab problem tells subjects that

"A cab was involved in a hit and run accident at night. Two cab
companies, the Green and the Blue, operate in the city. You are given the
following data:

(a) B5% of the cabs in the city are Green and 15% are Blue.

{b) A witness identified the cab as Blue. The court tested the

reliability of the witness under the same circumstances that

existed on the night of the accident and concluded that the

witness correctly identilied each one of the two colors 80%

of the time and failed 20% of the time.
What is the probability that the cab involved in the accident was Blue rather
than Green?” (Tversky and Kahneman, 1882, pp 156-157).

The procedure in this study differed from this example, however, in that subjects were required to
respond with their probability that the named hypothesis is true 4 times during the problem, after the basic
situation is described and again after each piece of key information is presented. The three pieces of key
information are the evidence (e.g., in the Cab problem, that the witness reporied a Blue cab), the
reliability of the evidence (that the witness is right 80% of the time) and the base rate (that 15% of the
cabs in the city are Blue). The three pieces of information were presented in each possible order, to
ditferent subjects. This allows us to study how subjects make probabilistic inferences in a number of
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situations, e.g., when presented with only the evidence and the base rate.

Three classes of hypothesis were proposed 1o explain how people answer these word problems
and why the answers often neglect the base rate information -- variants of normative probabilistic
reasoning, heuristic strategies, and non-normative information integration. Findings included:

1. Many subjects responded with numbers that are available in the problem presentation.
Often the use of an available number is normatively correct, which implies that the novices
have some understanding about appropriate reasoning in these situations. However, many
of the subjects’ wrong answers aiso used numbers available in the word problem. This
implies that they may be adopting the simple straiegy of answering with whatever numbers
are available. It is thus possible that the subjects who answered correctly may have done
s0 just by luck.

2. The more recent information has a greater impact. For example, when the subjects had all
three pieces of information, if base rate information was presented most recently, more
subjects used it as their answer than if it was presented first and the evidence and the
reliability information followed it. This identifies another condition that influences the
subjects’ likelihood of using or neglecting the base rate information {see Bar-Hillel, 1980).

3. There is no universally applied weighted averaging scheme that accounts for the average
response in all conditions. Rather, some form of “contingent strategies” theory is needed to
account for the data. Contingent strategies means, broadly, that people will adopt ditferent
information processing strategies in different conditions (when given different combinations
of information), rather than applying one strategy (weighted averages) in all conditions.

4. The neglect of the base rate information is due in part to a misunderstanding of the
reliability information, specifically, a confusion between p(H/E) and p(E/H).

A production system model, that embodies a form of a contingent strategies theory, was produced.
This model exactly predicted the most common response made by subjects in each of the possible
situations (situations are defined by combinations of available information). This shed additiona! insight on
the "neglect of base rate” -- no rule in the production systems mode! expressed a process that would be
~haraclerized as underweiahting base rate. Rather, when reliability, evidence, and base rate information
were all present, the rules took the reliability information p(E/H) 10 be p(H/E), which is the answer the
problem asks for, and hence used it as the answer. Base rate was not used, but this was a reasonable
response given the interpretation of p(E/H) as p(H/E), rather than the result of a mistaken judgment of the
relative relevance of statistical (base rate) and case (evidence) information (Bar-Hiliel, 1980).

As just described, this study has identified a major barrier to accurate probabilisiic infcrence, which
is that people do not know how to interpret the conditional probabilities in which the reliability information
is often couched in probabilistic inference word probiems. Training would presumably correct this
problem. Even if this barrier were to be surmounted, we still lack knowledge of how to train people 1o best
integrate the statistical and case information (but see Lichtenstein and McGregor, 1984). Yet no progress
at all can be possible when subjects confuse p{(H/E) and p(E/H).

3.1.2. Two Models paper.

The production system just described represents a model from the information processing or
artificial intelligence schoo! of modeling cognition. A distinct approach is to model subjects’ behavior as
involving intuitive jidgment and choice processes. For example, subjects’ responses could be produced
by a two stage process,

1. an intuitive judgment of the probability of the hypothesis,
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2. a probabilistic choice process which selects one of the available numbers as the answer, as
a function of how near it is to the intuitive judgment.

A paper in preparation compares these two models in terms of their assumptions and the ease with which
they account for 5 aspects of the data from the Questionnaire Study. It suggests methods for combining
the advantages of the two approaches.

3.1.3. Complementarity and Resuscitation Paper.

A paper in preparation (with Jose A. Lucero} addresses two phenomena distinct from the issuc of
combining statistical and case-based evidence. These are the subjects’ understanding of the
complement of a probability, and the occurrence of “resuscitations”, i.e., judging the probability of a
hypothesis to be 0 at one stage, and then to be a non-zero number at a later stage.

Complementarity. The questionnaire asked subjects not only for the probability that a particular
hypothesis was true (e.g., that the cab involved in the accident was Blue) but also for the protability of the
complementary hypothesis (that the cab was Green). Given the word problem’s definition of these events
as mutually exclusive and exhaustive, the correct answer to the second question is the probabilistic
complement of the first, i.e., p(Green) = 1 - p(Blue). It was found that a high proportion of subjects gave
complementary answers. Evidence was sought for subjects’ use of variant conceptions of subjective
probability, such as one proposed by Schafer (1976) in which someone with little evidence might have
very low subjective probability for a hypothesis and for its complement (see Kahneman and Tversky,
1982), so that the probabilities would add up to much less than one. [ this theory is correct, then as the
subjects get more information, the sum of their probabilities for the mutually exclusive and exhaustive
events should approach 1.0. This pattern occurred very rarely among the subjects whose answers were
noncomplementary. :

Resuscitations. If a Bayesian probability estimator is receiving a stream of information pertinent to
one's estimate of the probability of a hypothesis, and if the probability ever hits 0 or 1.0, there is no way
that it can return to an intermediate value. Subjects’ probabilities for a hypothesis have been observed to
be "resuscitated” after hitting 0, and to return from 1.0 (Schum and Martin, 1380; Robinson and Hastie,
1985). Such behavior was observed in this study, as well, though it was infrequent.

The import of our analysis of complementarity and resuscitations is that these are rules of
probability that most naive subjects foliow. This finding contradicts some pessimistic conclusions reached
on the basis of previous research, concerning people’s general inabilty 1o do any type of probauiiis.ic
reasoning. However, the occasional occurrence of noncomplementary estimates and of resuscitations
should alert us 1o the possibility that people use numerical prebabilities to mean something other than
what a strict interpretation of the numbers would imply (Kahneman and Tversky, 1582).

3.2. Follow-up Studies.
Two studies have been designed 1o explore findings from the Questionnaire Study. The first deals
with the use of available numbers, and the second deals with the confusion between p(H/E) and p(E/H).
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3.2.1. Verbal/Nur<rical Study.

In order to investigate the subjects’ use of available numbers as answers, discovered in the
Questinnnaire Study, a further study is under way (with Donna Hughes) in which verbal phrase
expressions of probability are used in addition to numerical expressions of probability. The presentation
inode and response mode are varied independently, across subjects, producing four conditions: verbal
phrase presentation and verbal phrase response, verbal presentation and numerical response, numerical
presentation and verbal response, and numerical presentation and numerical response (as in the
previous study). if using available responses is a general tendency, reflecting subjects’ supericial
processing of the problem, then it should occur in both the verbal-verbal and numerical-numerical
conditions. But in the verbal-numerical and numerical-verbal conditions, this easy answer is not possible,
and we will see how subjects respond. However, the use of available numbers may be due to subjects’
discomfort with numerical probabilities, which may not extend to verbal phrase probabilities. If so, then
there shouid be fess use of available numbers in the verbal-verbal condition.

Beyth-Marom (1982) has investigated the use of verbal phrase probabilities on the part of
professionz! economic forcasters, and found them to be very imprecise in comparison with numerical
probabilities. She recommended that numerical probabilities be used. However, if it should be found that
the tendency to use available probabilities as one’s answer occurs more often with numerical probabilities
than with verbal phrase probabilities, this would be a reason to qualify her advice (see also Zwick, 1987).

The issue of the confusion between p(H/E) and p(E/H) is also investigated with the four word
problems in this study.

The study also investigates the accuracy of subjects inferences when given verbal and numerical
presentation of infermation, and using verbal phrases and numbers for their responses. The findings will
be relevant to evaluation and restructuring of many situations in which Army personnel currently
communicate degrees of uncertainty using verbal phrases.

3.2.2. Confuslon Study.
The hypothesis that subjects confuse p(H/E) and p(E/Hj is investigated as part of Think Aloud
Study 2, described below.

3.3. Protocol Analysis and Process Tracing Studles.

The analysis of the data of the Questionnaire Study showed that a "contingent strategies" theory is
required to describe the subjects’ behavior across situations. This conclusion was reached by a general
argument: that there is no single process, describable by a single mathematical model of the dependency
of the subjects’ answers on the available information, that can explain the typical or mean answer in every
situation (every possible combination of information). The production system simulation extended this
conclusion by modeling the most common answers using simple rules or strategies -- different rules being
applied in different situations. But both these analyses are based only on the subjects’ answers, not on
direct or indirect observation of the processes they use 10 produce the answers.

It is impontant to know the psychological processes that produce the different behavior in ditferent
situations, i.e., the processes that the production system is simulating with its simple rules. What is the
subject thinking of? Is there evidence, other than the fit between data and theory, that subjects are using
the type of strategies that the production system mode! assumes? Two methods are available for this:
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process tracing and verbal protocol anslysis. Both methods are used in the approach that Simon (1976)
characlerizes as "information processing”, aimed at characterizing cognitive behavior in terms of the
sequence of operations undertaken by a mind metaphorized as a machine that processes symbolic
information, establishes goals, and uses control strategies to manipulate information in short term and
long term memory. Verbal protocol analysis is a method by which a theory of how the mind’s information
processing capabilities are applied to the problem is constructed A theory is produced that is consistent
with the verbal trace of the problem solver, assuming that the contents ot the short term memory are
verpalized (Ericsson and Simon, 1985). Process tracing attempts to build the same sort of model using
behavioral evidence, usually pertaining to the order in which external information is searched {(e.g..
Payne, 1976).

Both methods are being used in this project, as appropriate.

3.3.1. Mathematical problems allow a protocol analysis shortcut.

In addition to the production system described above, another use of the information processing
metaphor has been possible which avoids the use of verbal protocol analysis and process tracing as data
collection methods. This takes advantage of a special characteristic of mathematical problems: there are
only certain routes by which one can arrive at given mathematical answers. Thus, if we look at the
mathematical answers that the subjects produce, we can know (except for ambiguities) what
mathematical strategies they used 1o produce those answers. This analysis assumes, of course, that
subjects are indeed directly manipulating the mathematical symbols (rather than making judgments,
rounding. using available numbers, or using conventional numbers).

Hamm (1987; applied such an‘analysis to the answers of the subjects of the Questionnaire study.
Onre hundred and one possible mathematical operations were computed and compared with the subjects’
answers in each situation. [t was found that very few of the subjects’ answers could be unambiguously
interpreted as having been produced by the application of mathematical operations 1o the numbers given
in the problem.,

This procedure could be used 10 assess people’s approaches to any problem where there is the
option of using mathematical operations in its solution. It could reveal the sources of wrong answers --
Are people trying 1o use a mathematical operation that just happens to be wrong, or are they not even
trying mathematical operations at all, but just responding with available numbers or with guesses?

3.3.2. Think Aloud Study 1.

A pilot study (with Edson Sellers) was done to determine the feasibility of coding the transcripts of
subjects’ verbalizations while solving probabilistic inference word problems. Since this will not be written
up elsewhere it is described here. Ten student subjects thought aloud while solving two or three word
problems: variants of the Cab problem, the Twins problem, and/or the Doctor problem (see Hamm, 1987).
Their answers at each juncture in the problem were transcribed, unitized into sentences, and coded with
respect to whether they mentioned the base rate, the probability of the complementary hypothesis p(~H),
the reliability p(E/H), the likelihood of seeing the evidence if the complementary hypothesis were true
p(E/~H), and others. The identiiication of these concepts offered few problems.

One explanation of the typical response on probabilistic inference word problems of this type is that
the subject is ignoring the base rate. To see whether the verbal protocol data is consistent with this, we
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counted the number of sentences in which the subject mentioned the base rate, after all the information
had been presented. This was . n the average, 1.4 sentences (13% of sentences) for the Cab problem,
4.7 sentences (33%) for the Doclor problem, and 2.3 sentences (14%) for the Twins problem.

To determine whether there is a relation between mentioning base rate and its use in
producing the ansv zr, the correlation between the number and proportion of sentences mentioning base
rate and the absolute deviation of the subject’s answer from the base rate was calculated. Findings
were: the more sentences the subject said, the lower the answer (closer to the base rate) (r=-.60,p =
.001) and the closer the answer to the base rate (r = -.55, p = .003); the more sentences that mentioned
the base rate, the lower the answer (r = -.73, p = .000) and the closer the answer to the base rate (r =
-.61, p = .001); the higher the proportion of sentences mentioning the base rate, the lower the deviation of
the answer from the base rate (-.13, p = .280) and the lower the answer {-.22, p = .156).

It seems that the primary relation is: the more the subject talked (and presumably, thought) about
the problem, the lower the answer (and the closer to the base rate). The effect of the mentioning of the
base rate, per se, is secondary, though talking about the base rate seems to bring the answers closer to
the base rate. This analysis suggests that the joint use of information processing (protocol) analysis and
inputoutput analysis may be fruitful (see Einhorn, Kleinmuntz, and Kleinmuntz, 1979).

A second question is whether the subjects consider the possibility that the hypothesis might be
false (e.g., the Green cab be responsible for the accident) and, further, the possibility that the evidence
{cab called Blue by withess) might occur if the cab is Green. Only one subject mentioned this idea, on
one problem. This points to a blind spot in naive subjects’ considerations on probabilistic inference word
problems. This is an opportunity for training and a possible point of contrast between novice and expert
behavior.

3.3.3. Think Aloud Study 2 - the Corfuslion Study.

A second study in the information processing tradition has been designed, with the data almost all
collected and tapes transcribed. This study involves both verbal protocol analysis and a form of process
tracing. It also contrasts the behavior of two groups of subjects, undergraduates and mathematics
graduate students. The substantive focus of the study is the confusion between p(H/E) and p(E/H). It
serves as a pilot study for the verbal protocol analysis and process tracing methods.

The subjects are given a questionnaire containing three problems. The order is counterbalanced
across subjects. Analyses will be made both of the subjects’s answers, and their information processes.
The first test of the confusion hypothesis involves a contrast between the first and third problems, one of
which contains p(H/E) in the "reliability” paragraph; the other, p(E/H). it will be seen whether
subjects’ numerical answers depend on this variable or (as hypothesized) it is all p(H/E) to them.
Verbalizations will be analyzed to see whether the subjects’ interpretations of the information reveal only
the hypothesized confusion, or if distinctions are made.

The second test of the confusion hypothesis involves a process tracing method, on the second
problem. After the problem is described, but before any information (evidence. reliability of evidence, or
base rate) is given, the subject will be shown four paragraphs that have blanks in them and told that the
information for the blanks is available to them. The paragraphs convey the type of information (base rate,
evidence, reliability p(E/H), and p(H/E)) but do not specity it. The subjects are asked to think aloud while
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they evaluate the types of information and specify the order in which they want to see the information.
This provides evidence concerning subjects’ ability to distinguish the concepts of p(H/E) and p(E/H) when
shown the two at the same time.

The coding schemes developed for the analysis of verbal protocols in this study, and the process
tracing method, will be used in the third Think Aloud Study, with substantive experts.

3.3.4. Think Aloud Study 3 - the Insurance Expert Study.

Problems have been prepared for use by insurance expers. Four problems have been prepared,
dealing with the possibility that an automobile insurance client is accident prone, the possibility that a
client involved in an automobile accident was drunk, ine possibility that a health insura~ce client has
AIDS, and the possibility that a new client had hidden a history of diabetes. These have been constructed
so that a sequence of information, in typical form, is received by the main actor in the story. Experts have
been consufted to assure that the probabilistic information in the stories is plausible.

These problems will be presented in a manner that involves both the collection of verbal protocols,
and the offering of choices so that processing may be traced. Subjects will vary both on whether they
have substantive experience with the content of the problems, and on whether they have training in the
mathematics of probabilistic inference.

This study represents the culmination of the project, contrasting expert and novice with respect to
the types of information processing that they use. The procedures and analyses depend on the results of
the previous studies.

4. Potential applications of the research.

The studies being conducted as part of this project have the potential for improving probabilistic
inference, and the decision making which depends on it, in two ways. First, the studies already completed
have a'eady identified common strategies for making probabilistic inferences. Knowing the strategies
used, which often produce wrong answers, helps us know where to start in corrective training. Second,
description of the strategies used by real world experts in making probabilistic inferences, coupled with
the evaluation of their performance, will help us discover strategies that work. Since these strategies are
already in use by experts, we know that they have high acceptance and that people can learn to use
them. Still at issue is the question of how much better experts perform than novices.
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